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Fig. 8. Pout as a function of the margin C . A design value of Pout implies
the necessary margin C for a given set of statistical parameters ḡ, σg , and a.

where the clock n ticks with each block, i.e., one feedback cycle
of duration Ts , and wg [n] represents the process noise that is
Gaussian, zero-mean, and independent of Δg[n − 1]. Assuming
a stationary process with known statistics, the estimate of the
gain is given by

Δĝ[n] = aΔg[n − 1] (25)

ĝ[n] = ḡ + Δĝ[n]. (26)

In this case, we have that σ2
ĝ = a2σ2

g , and σ2
e = (1 − a2)σ2

g .
Both variances are thus specified through the parameter a, which
is in turn related to the Doppler bandwidth Bg of the process
g[n] via a = e−πBg Ts . Substituting for the variance, the outage
probability can now be expressed as

Pout = Q

(
ḡ − gout − c

aσg

)
+

[
1 − Q

(
ḡ − gout − c

aσg

)]

×Q

(
c√

1 − a2σg

)
. (27)

Given the statistics of the log-normal slow fading (the mean
and variance ḡ, σ2

g , and the correlation factor a) the above ex-
pression can be used to determine the margin that will meet a
desired outage requirement. Fig. 8 shows the probability Pout
as a function of the margin C. As the correlation a increases,
the channel becomes more predictable, and hence a lower C
suffices to reach a desired Pout .

The average energy per bit is given by

Ēb =
1
Rb

NmaxCb

P ∗
s MNb

Cγ∗(Nmax)PN

∫ +∞

C Go u t

1
x

pĜ (x)dx

︸ ︷︷ ︸
FĜ (C Go u t )

(28)

where pĜ (·) denotes the p.d.f. of the estimate Ĝ.
Fig. 9 shows the performance for Case 1 with imperfect chan-

nel knowledge. Different performance curves correspond to dif-
ferent values of the correlation factor a. It should be noted

Fig. 9. Performance figures for Case 1 with imperfect channel knowledge.
Results are shown for two different values of the correlation coefficient a
(0.3 and 0.9). (a) Average energy per bit as a function of the block size M.
(b) Average energy per bit as a function of the number of information bits per
packet Nb . (c) Average energy per bit as a function of the standard deviation
σg .
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that a = 1 corresponds to the ideal case of perfect channel
knowledge.

B. Case 2: Nmax > Nopt , With Imperfect Channel Knowledge

In this case, since we adapt both power and rate in accordance
with the channel gain, we define the adaptation policy as

N =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

0, if Ĝ < CGout

γ∗
inv

(
PT ,maxĜ

CPN

)
, if Ĝ ∈ [CGout , CGbreak ]

Nopt , if Ĝ > CGbreak

(29)

PT =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

0, if Ĝ < CGout

PT ,max , if Ĝ ∈ [CGout , CGbreak ]

Cγ∗(Nopt)PN

Ĝ
, if Ĝ > CGbreak

(30)

where Gout = γ∗(Nmax)PN /PT ,max and Gbreak = γ∗(Nopt)
PN /PT ,max as before.

There are again three regions of operation: one in which the
system is shut off and the other two in which the system is
on. We define r1 as the event where Ĝ ∈ [Gout , Gbreak ] and
r2 as the event where Ĝ > Gbreak . When the system is on, the
system can operate in conditions of either r1 or r2 . The outage
probability can thus be written as

Pout = Poff + Pr1 Pout|r1 + Pr2 Pout|r2 (31)

where

Poff = P{Cγ∗(Nmax)PN /Ĝ > PT ,max} = P{Ĝ < CGout}.
(32)

The probabilities of outage conditioned on r1 and r2 are

Pout|r1 = P{CG/Ĝ < 1 | Ĝ ∈ [Gout , Gbreak ]} (33)

which reduces to

Pout|r1 = P{eg < −c | Δĝ ∈ [c + gbreak − ḡ , c + gout − ḡ}
= P{eg > c} (34)

and

Pout|r2 = P{CG/Ĝ < 1 | Ĝ ≥ CGbreak}
= P{eg < −c | Δĝ > c + gbreak − ḡ}

︸ ︷︷ ︸
P{eg >c}

. (35)

Expressing the constituent probabilities in terms of the Q-
function for the case of log-normal variation, and assuming that
Δg obeys an auto-regressive Gauss-Markov process of order 1,
we obtain

Pout = Q

(
ḡ − gout − c

aσg

)
+

[
1 − Q

(
ḡ − gout − c

aσg

)]

×Q

(
c√

1 − a2σg

)
. (36)

The average energy per bit is now given as

Ēb =
1
Rb

Cb

P ∗
s MNb

×

⎡

⎢⎢⎢⎢⎣
PT ,max

∫ C Gb r e a k

C Go u t

γ∗
inv

(
xPT ,max

CPN

)
pĜ (x)dx

+ NoptCγ∗(Nopt)PN

∫ +∞

C Gb r e a k

1
x

pĜ (x)dx

︸ ︷︷ ︸
FĜ (C Gb r e a k )

⎤

⎥⎥⎥⎥⎦
. (37)

Fig. 10 shows the performance for Case 2 with imper-
fect channel information. The results show a trend similar to
Case 1, although slightly higher energy savings is available
since the transmitter can now adapt the rate in addition to adapt-
ing the power.

V. COMPARISON WITH OTHER ARQ TECHNIQUES

In this section, we compare the proposed packet coding tech-
nique with traditional ARQ techniques. Given the half-duplex
operation of acoustic modems, we are limited to the Stop and
Wait (S&W) family of ARQ protocols. We consider the basic
S&W protocol as well as its modifications proposed in [1] to
optimize the throughput over long-delay acoustic channels.

The simplest ARQ protocol is the basic S&W, which we call
S&W-1, where the transmitter sends a packet and waits for the
acknowledgment (ACK). If the ACK is not received within a
prespecified amount of time (time-out), or a negative ACK is
received, the packet is retransmitted. In the modified version
S&W-2 [1], the transmitter sends a group of packets, say M ,
and waits for the acknowledgment. The receiver checks indi-
vidual received packets and sends acknowledgments at the end
of M packets. The packets that are negatively acknowledged
are grouped together with new packets to form the next group
of M packets. In the modified version S&W-3, the transmitter
sends out a group of M packets and waits for the acknowl-
edgment, but only those packets that are negatively acknowl-
edged are transmitted in the next cycle. The transmitter keeps
attempting retransmission until all the M packets are correctly
acknowledged. We consider only S&W-2 in this comparison as
it outperforms S&W-3 in terms of throughput efficiency.

The propagation delay introduced by the communication
channel is Tprop = d/c, where d is the distance between the
transmitter and receiver, and c is the speed of sound in wa-
ter (nominally 1500 m/s). The duration of the ACK packet is
Tack = Nack/Rb , where Nack is the number of bits in the ACK
packet. Although each of the techniques may have a slightly dif-
ferent ACK duration, we assume the same ACK duration, since
it is negligible in comparison to the packet duration. We de-
fine the round-trip waiting time as Tw = 2Tprop + Toh , where
Toh is any overhead time that includes the time needed for
synchronization.
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Fig. 10. Performance figures for Case 2 with imperfect channel knowledge.
(a) Average energy per bit as a function of the block size M. (b) Average energy
per bit as a function of the number of information bits per packet Nb . (c) Average
energy per bit as a function of the standard deviation σg .

A. Throughput Efficiency of Packet Coding

A system employing packet coding buffers a block of M
packets and encodes them into N ≥ M packets. The time taken
to transmit N packets is

TP C (N) = NTp + Tack + Tw . (38)

The efficiency is given by the ratio of useful time to the total
time invested in transmission

ηP C =
P ∗

s M(Nb/Rb)
TP C (N)

. (39)

This efficiency corresponds to a certain reliability/outage spec-
ification, i.e., to a certain P ∗

s and Pout . When joint power and
rate control is employed, we have two cases as described earlier.
For Case 1, i.e., Nmax ≤ Nopt , the number of packets is fixed
at Nmax , and hence the time taken to transmit is TP C (Nmax).
The corresponding efficiency is

ηP C,1 =
P ∗

s M(Nb/Rb)
TP C (Nmax)

. (40)

For Case 2, i.e., Nmax > Nopt , under the assumption that
perfect channel knowledge is available, the average number of
coded packets is given by

N̄ =
∫ Gb r e a k

Go u t

γ∗
inv (xPT ,max/PN )pG (x)dx

+Nopt

∫ +∞

Gb r e a k

pG (x)dx. (41)

The corresponding efficiency is given by

ηP C,2 =
P ∗

s M(Nb/Rb)
TP C (N̄)

. (42)

If perfect channel knowledge is not available, an estimate of
the channel gain will be used along with the additional margin
as discussed in Section IV. For simplicity, we consider only the
case of perfect channel knowledge for the present comparison
as it suffices to illustrate the point, and yields results similar to
those that take imperfect channel knowledge into account.

B. Throughput Efficiency of S&W-1

Theoretically, S&W techniques are designed to provide re-
liable transmission, i.e., a success rate of Ps = 1. Since this
would entail a possibility of infinitely many retransmissions, a
time-out mechanism is used in practice to limit the number of
retransmissions to some maximum value L∗. As a result, a re-
transmission might fail, effectively leading to outage. To make
a fair comparison between an ARQ technique and the packet
coding technique that has a reliability of P ∗

s , we choose L∗so
that the S&W-1 technique has the same reliability.

We assume that the S&W-1 transmitter has the same PT ,max ,
and hence the best achievable SNR when the gain is Gout , is
γ∗

ARQ = PT ,maxGout/PN . Power control for the ARQ system
is implemented as

PT =

{
γ∗

ARQPN /G, γ∗
ARQPN /G ≤ PT ,max

0, otherwise.
(43)
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Fig. 11. Throughput efficiency. (a) Throughput efficiency as a function of the
block size M . The efficiency of S&W-1 is included as a benchmark (it does not
depend on M ). Although longer blocks are favorable for increased efficiency,
it should be noted that they require larger buffers to store the M packets until
they are positively acknowledged. (b) Throughput efficiency as a function of
the number of information bits in a packet Nb .

The packet error rate is now given by PE (γ∗
ARQ ) and the relia-

bility of the S&W-1 protocol can be defined as the probability
that at least one transmission is successful out of the L retrans-
mission attempts, i.e.,

Ps,SW 1 =
L∑

�=1

(
L

�

)
(1 − PE (γ∗

ARQ ))�PL−�
E (γ∗

ARQ ). (44)

The maximal number of retransmissions L∗ is now obtained as
the smallest L for which Ps,SW 1 ≥ P ∗

s .
The average time taken to transmit a packet is

TSW 1 =
L∗∑

�=1

P�−1
E (γ∗

ARQ )(1 − PE (γ∗
ARQ ))�TARQ (1) (45)

where TARQ (1) = (Kb/Rb) + Tack + Tw and Kb is the total
number of bits in a packet (now without the packet coding

Fig. 12. SPACE-08 experiment data. (a) Channel gain recorded during the
SPACE-08 experiment. (b) Histogram of the locally averaged gain (dB scale).
The averaging window is 10 s. (c) Auto-correlation of the channel gain (dB
scale). The channel remains stable over several seconds.

overhead). The above reduces to

TSW 1 =

(
1 − PL∗

E (γ∗
ARQ )

1 − PE (γ∗
ARQ )

− L∗PL∗

E (γ∗
ARQ )

)
TARQ (1).

(46)
The corresponding throughput efficiency is

ηSW 1 =
P ∗

s
Nb

Rb

TSW 1
. (47)

C. Throughput Efficiency of S&W-2

The S&W-2 protocol can be regarded as M S&W-1 protocols
operating in parallel with the average time taken to transmit a
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Fig. 13. Average energy per bit calculated for Case 1 using the experimentally
measured channel statistics. (a) Average energy per bit as a function of the block
size M. (b) Average energy per bit as a function of the number of information
bits per packet Nb .

packet on one of the M links given by

TSW 2 =

(
1 − PL∗

E (γ∗
ARQ )

1 − PE (γ∗
ARQ )

− L∗PL∗

E (γ∗
ARQ )

)
TARQ (M)

(48)
where TARQ (M) = M((Kb/Rb) + Tack) + Tw . The corre-
sponding efficiency is given as

ηSW 2 =
P ∗

s M Nb

Rb

TSW 2
. (49)

Fig. 11 shows the throughput of various techniques as a func-
tion of the block size M and the packet size Nb . These results
show that the packet coding technique outperforms the S&W
techniques while maintaining the same reliability. Particularly
for larger packets, the efficiency of the S&W techniques re-
duces, while packet coding combined with adaptive power and
rate control continues to operate with acceptable throughput
efficiency.

Fig. 14. Average energy per bit calculated for Case 2 using the experimentally
measured channel statistics. (a) Average energy per bit as a function of the block
size M . (b) Average energy per bit as a function of the number of information
bits per packet Nb .

VI. EXPERIMENTAL RESULTS

To quantify the performance of adaptive power and rate con-
trol on an acoustic channel, we use the experimentally recorded
values of the channel gain from the Surface Processes Acous-
tic Communication Experiment (SPACE-08) conducted off the
coast of Martha’s Vineyard in the fall of 2008. In this exper-
iment, a pseudo-random channel probing sequence of length
4095 was transmitted repeatedly, modulated using binary phase
shift keying (BPSK) onto a carrier of frequency of 12.5 kHz.
The transmitter and receiver were separated by a distance of 1
km. The ocean depth in the region was 10 m, and the transmitter
and receiver were fixed at a height of 2 and 4 m from the ocean
floor, respectively.

The average channel gain measured from the data is ḡ =
−40 dB, and the channel gain standard deviation is σg = 3.9 dB.
The 3 dB Doppler bandwidth of the fitted AR-1 model is
estimated to be Bg = 0.02 Hz, corresponding to the channel
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correlation coefficient of a = 0.77 for Ts = 4.5 s. The exper-
imentally recorded gain values are shown in Fig. 12(a) along
with its histogram [Fig. 12(b)] and auto-correlation function
[Fig. 12(c)]. We note that these values are characteristic of the
particular SPACE-08 experiment, while other environments may
exhibit different statistics. For instance, [17] reports on coher-
ence times Tc ∼ 1/Bg of 180 s and 250 s observed in locations
near Rhode Island and Hawaii, respectively. These coherence
times are considerably longer than in the SPACE-08 experiment,
thus allowing for more accurate estimation of the channel gain.

The measured channel statistics were used to assess the per-
formance of power/rate control. Fig. 13 shows the results ob-
tained for Case 1, (Nmax ≤ Nopt). We can see the average
energy savings of about 6 dB when the channel gain is perfectly
known, and about 4 dB with the estimated channel.

Fig. 14 shows the experimental results for Case 2 (Nmax >
Nopt). As with the analytical results, compared with Case 1,
slightly higher average energy savings are available by using
adaptive power and rate control (about 9 dB with perfect channel
knowledge, and about 6 dB with estimated channel).

VII. CONCLUSION

We considered random linear packet coding as an alternative
to traditional ARQ techniques whose efficiency is compromised
by the long round-trip delay of acoustic channels. We proposed a
system design in which the number of coded packets to transmit
is determined based on prespecified reliability, hence reducing
the need for frequent feedbacks.

Most underwater deployments are offshore and hence have
limited power supply for their operation. In such scenarios, it
becomes essential to prolong the system’s lifetime by saving
the available energy. To that end, our system employs power
and rate control, which are optimized to minimize the average
energy invested per successfully transmitted bit of information.
It does so within the constraints on maximal transmit power and
maximal coding length (the latter follows from the acceptable
decoding delay and bit rate, as well as channel dynamics). The
existence of optimal coding length was established, giving rise
to two control policies, depending on whether the optimal packet
coding length is below or above the allowable maximum. The
control policies were further extended to accommodate practical
situations in which perfect knowledge of the channel conditions
is not available at the transmitter, and an estimate has to be
used instead. We analyzed such a case based on MMSE channel
estimation, taking into account the effect of channel estimation
errors by introducing an optimally designed margin to satisfy the
required outage probability. We showed both analytically and
using experimentally measured channel statistics that savings of
5–9 dB are achievable by using the adaptive power/rate control.
Finally, the proposed technique was compared to traditional
ARQ techniques to show that employing packet coding with
joint power and rate control increases the throughput efficiency.

Future research will focus on extending the joint power and
rate control to broadcast networks and relay links. We will also
explore random linear packet coding for situations in which full
reliability is required.

APPENDIX

Given a log-normally distributed random variable G, let G =
eA = 10B/10 . Thus

A = lnG, B = 10 log10 G, A =
ln 10
10

B (50)

and the corresponding mean values and variances satisfy

mA =
ln 10
10

mB , σ2
A =

(
ln 10
10

)2

σ2
B . (51)

We now have

FG (Gout) =
∫ +∞

Go u t

1
x

pG (x)dx =
∫ +∞

A o u t

e−apA (a)da

=
∫ +∞

eA o u t

e−a 1√
2πσA

e
− (a −m A ) 2

2 σ 2
A da = e

σ 2
A
2 −mA

×Q

(
σA −

(
mA − eA o u t

σA

))
= 10−mB /10

× e(
ln 1 0
1 0 )2 σ 2

B
2 Q

(
ln 10
10

σB −Qinv (Pout)
)

(52)
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