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Abstract—We compare the achievable rate for QPSK and
DQPSK modulations while considering the effect of channel esti-
mation errors and pilot overhead. DQPSK is generally regarded
in the literature as the low complexity alternative to QPSK, and
is considered to sacrifice the performance as a trade-off. This
argument is valid when the channel is perfectly known to the
receiver. Here, we show that when the cost of pilot overhead and
channel estimation errors are considered, there exist cases where
DQPSK modulation delivers higher data rates as compared to
QPSK modulation, even if optimal ratio of symbols are assigned
as pilots. We classify these cases, and show through simulations
that they occur frequently in underwater acoustic channels as
the long delay spread requires a considerable pilot overhead for
estimating the channel. Our results are supported by analysis,
as well as simulation.

I. INTRODUCTION

Bit error rate (BER) of quadrature phase shift keying
(QPSK) and differential QPSK (DQPSK) modulations have
been extensively analyzed in the literature for both additive
white Gaussian noise (AWGN) and fading channels. For
example, [1] summarize closed form expressions for BER of
QPSK and DQPSK modulations for AWGN, Rayleigh, and
Rician fading channels. QPSK is shown to outperform DQPSK
in all scenarios in terms of the average BER, and that the
performance gap shrinks slightly at higher SNRs.

These analyses, however, focus on BER under ideal channel
knowledge and ignore the pilot overhead needed for channel
estimation. Furthermore, the effect of channel estimation errors
needs to be taken into account for making a fair comparison
between coherent and differentially coherent detection. There-
fore, we focus on the average achievable rate per channel
use as the performance metric (which we refer to as the
average rate), and consider the effect of both pilot overhead
and imperfect channel estimation.

Since detection of DQPSK signals requires very few pilot
symbols, it is potentially possible that the pilot overhead and
channel estimation errors reduce the achievable rate based on
QPSK modulation to less than that of DQPSK. For example,
the coherent detection methods designed for underwater chan-
nels typically have a significant ratio of carriers designated as
pilot and/or null carriers (see e.g. [2], [3]).

We show through numeral evaluations that for QPSK mod-
ulation there is tradeoff between DQPSK with no pilots and
the loss in rate with coherent channel estimation and QPSK
and the related loss in rate due to pilot overhead and channel
estimation error. To further this analysis, we find an optimal

value for the ratio of pilots to data for different SNR’s and the
number of taps in the channel.

Finally, we include simulation results based on a fading
model for which each arrival path at the receiver evolves over
time according to a Rician fading model [4]. The parameters
of this model are selected according to the experimentally
measured underwater acoustic channels. Simulation results
confirm our theoretical observations.

II. SYSTEM MODEL

We analyze the average achievable rate per channel use
within the framework of an OFDM system. In an OFDM com-
munication system with minimal Doppler spread (compared to
carrier spacing), the received signal at the k-th carrier can be
modeled as

yk =
√
PHkdk + zk, (k = 0, . . . ,K − 1) (1)

where dk is the transmitted data symbol, Hk is the channel
coefficient, P is the power allocated to each carrier,1 yk is
the received signal, and zk is zero-mean, circularly symmetric
Gaussian noise of variance σ2

z .
We define the carrier SNR as SNRk = P |Hk|2/σ2

z . As-
suming a normalization of the channel coefficients such that
E{|Hk|2} = 1, we define the average SNR as

SNR = E{SNRk} =
P

σ2
z

(2)

To find the average achievable rate per channel use for each
carrier, we start with specifying the achievable rate per channel
use over AWGN channels for QPSK and DQPSK modulations.
Note that we assume a block fading model and will average
this rate over all possible channel states before averaging over
the carriers.

Generally, the achievable rate per channel use for any
modulation scheme can be formulated based on the probability
density function (PDF) of the decision variable at the receiver.
Specifically, for QPSK and DQPSK modulations, without loss
of generality (due to symmetry), we can assume that the
symbol d = 1 is transmitted, resulting in the decision variable
d̂ at the receiver. If we denote the conditional PDF of this
decision variable as pD̂|D(d̂|1), and denote by PD̂(d̂) the PDF

1We only consider uniform power allocation which is the best practical
power allocation policy for underwater acoustic channels [5].



of this decision variable, the achievable rate per channel use
is (see [6], [7] for details)2

R =

∫
d̂

pD̂|D(d̂|1) log2

pD̂|D(d̂|1)

pD̂(d̂)
dd̂ (3)

where integration is carried over the entire complex plane.

A. Coherent detection (QPSK)

Coherent detection requires channel knowledge, which can
be gathered using designated pilot carriers, or in decision
directed mode. Here, we focus on pilot-based channel estima-
tion, and assign a fraction α of the carriers as pilots. Insertion
of pilot carriers reduces the average rate by the factor 1− α.

The decision variable for QPSK modulation can be formed
as

d̂k,QPSK = Ĥ∗kyk (4)

where Ĥk = Hk+wk is the pilot-based channel estimate, (.)∗

denotes complex conjugate operator, and wk is the channel
estimation error. The estimation error is modeled as a zero-
mean, circularly symmetric complex Gaussian random variable
whose variance, σ2

w, depends on the SNR, the ratio of carriers
designated as pilots, and the estimation method.

An effective channel estimation algorithm for underwater
acoustic channels exploits the sparsity of the channel impulse
response. For example, if the channel impulse response is
dominated by J taps, the estimation error will be (for details
see [9])

σ2
w =

Jσ2
z

αKP
(5)

The PDF of the decision variable d̂ is very difficult to obtain
in general. The characteristic function of d̂, however, is readily
available as a special case of the Gaussian quadratic form (see
appendix B of [1] for details),

φD̂(jν) =
1

2σ2
zσ

2
wν

2 + 1
e

|Hk|2

2σ2zσ
2
wν

2+1
(−(σ2

w+σ2
z)ν

2+jν)
(6)

The PDF of the decision variable can be numerically evaluated
from its characteristic function and substituted into (3) to
evaluate the rate. We refer to this rate as instantaneous rate
per carrier, and since it is a function of the channel gain at
the k-th carrier, Gk = |Hk|2, we denote it as R(Gk).

B. Differentially Coherent detection (DQPSK)

Differentially coherent detection (e.g. DQPSK) relies on
the assumption that the channel coefficients do not change
significantly between adjacent carriers, i.e. that Hk ≈ Hk−1.3

2If the length of the error correction code is limited, the the rate will
decrease (see e.g. [8]). However, our focus here is on the comparison between
QPSK and DQPSK modulations and the limitation on codeword length does
not effect the comparison.

3Differentially coherent detection can also be applied in the time domain,
with similar results as long as there is sufficient coherence between adjacent
OFDM blocks. Frequency domain is advantageous, because it simultaneously
reinforces the carrier coherence assumption and increases the transmission
rate

When this assumption holds, the received signal, xk−1 acts as
the channel estimate,

d̂k,DQPSK = y∗k−1yk (7)

The characteristic function of this decision variable is a special
case of (6) where σ2

w is replaced by σ2
z .

C. Rate achievable over Rayleigh block-fading channel

We assume the amplitude of the channel coefficients of
all carriers are identically distributed, and follow a Rayleigh
distribution. Therefore, the channel gains will follow an expo-
nential distribution,

pG(g) = e−g, g ≥ 0 (8)

The average rate per carrier is then evaluated as the expected
value of the instantaneous rate,

R̄k = (1− α)

∫ ∞
0

pG(g)R(g)dg (9)

This integral can be evaluated numerically, and is valid both
for QPSK and DQPSK modulations, given that for DQPSK
we set σ2

w = σ2
z and α = 1/K. Note that this value for α

reflects the fact that one carrier is sacrificed for starting the
differentially coherent detection.

The channel gains are identically distributed among carriers.
Therefore, the average rate per carrier, R̄k, is the same for all
carriers, and the total average rate is,

R̄ =
1

K

K−1∑
k=0

R̄k = R̄k (10)

We refer to this quantity as the average rate and consider it to
be the performance metric.

III. RESULTS

Fig. 1 shows the average rate as a function of the ratio of
designated pilot carriers for QPSK modulation. If we have too
few pilot carriers (small α), channel estimation errors limit the
performance, while assigning too many pilot carriers reduces
the data rate. The circles in this figure point to the optimal
pilot ratio which represents the best trade-off between pilot
overhead and channel estimation errors.

It can be observed from Fig. 1 that a larger fraction of
pilots is needed at lower SNRs. Fig. 2 supports this fact by
showing the optimal pilot ratio for multiple values of SNR, as
a function of the number of channel taps. Note that the number
of pilot carriers must be greater than the number of channel
taps for any channel estimation algorithm to converge. This
limit is shown in the figure as the dashed line. In the rest of
the results, the ratio of pilots are optimally selected (according
to SNR, and J) to maximize the rate. This makes a basis for
a fair comparison between QPSK and DQPSK modulation.

Fig. 3 compares the average rate for QPSK and DQPSK
modulations. When the channel impulse response is domi-
nated by a single tap (e.g. a line of sight channel), QPSK
outperforms DQPSK in all SNRs. As the number of channel
taps increases, however, channel estimation becomes more
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Fig. 1: The average rate (per channel use) for QPSK modu-
lation depends on the ratio α of carriers dedicated as pilots.
With too few pilots, the receiver suffers from estimation errors,
while assigning too many pilot carriers increases the pilot
overhead. The best trade-off is marked with circles for each
SNR value.

challenging, and the number of required pilot carriers grows.
Eventually, the cost of channel estimation reduces the average
rate of QPSK to below that of DQPSK. The crossing point of
the performances is marked with circles.

The crossing point of the performance of QPSK and
DQPSK as in Fig. 3 reflects the scenarios where DQPSK
outperforms QPSK. Fig. 4 shows this crossing point as a
function of SNR. If the channel parameters fall on the right of
the curve, DQPSK outperforms QPSK in terms of the average
rate.

While Fig. 4 specifies the channel parameters for which
DQPSK outperforms QPSK, the question remains to be an-
swered: Where do typical wireless radio and underwater
acoustic channels fall in that figure? To answer this question,
we normalize the number of channel taps to express it as a
fraction of the number of carriers and show the results in Fig.
5. This figure shows that the channel parameters for all wire-
less radio channels specified in the long-term evolution (LTE)
standard including Extended Vehicular A model (EVA) are on
the left side of the curve. For underwater acoustic channels,
however, the two experimental measurements that are analyzed
are located in the region where DQPSK outperforms QPSK.

In addition to the presented theoretical results based on
evaluation of (3), we inlude results from simulation. For
simulation, we consider a P -path channel in which the path
gains hp and path delays τp are chosen at random for each
realization of the channel coefficients,

Hk =

P−1∑
p=0

hpe
−j2πfkτp (11)

where fk represents the frequency of the k-th carrier.
Specifically, we use P = 7 paths, and K = 256 carrier

frequencies spanning the bandwidth between 10 kHz − 15
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Fig. 2: Optimal ratio of pilot carriers as a function of channel
taps. The optimal ratio of pilot carriers depends on the SNR
and the number of channel taps. A larger ratio of carriers
should be assigned as pilot when the channel has more taps,
or when the SNR is low. Also note that at higher SNRs, the
optimal number of pilot carriers is dictated by the channel
estimation algorithm, which is shown by the dashed line.

kHz. The path gains hp are drawn from independent Rician
distributions. The delays are modeled as Gaussian distributed
around their nominal value corresponding to the system geom-
etry of [10] with a total delay spread of 5 ms. The simulation
consists of 50,000 channel realizations. The average rate per
carrier is measured, and averaged across carriers to form the
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Fig. 3: Average rate for QPSK and DQPSK modulation vs. the
number of channel taps. When the channel impulse response
is dominated by one tap (flat channel in frequency domain),
QPSK delivers the higher rate, regardless of the average SNR.
When the number of channel taps increases, however, the
average rate of QPSK reduces to less than that of DQPSK. For
a given SNR, if the number of channel taps are larger than the
crossing point value, QPSK cannot outperform DQPSK with
any pilot carrier allocation strategy.
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Fig. 4: Scenarios where DQPSK outperforms QPSK. Fig 3
shows that for any SNR, the performance of QPSK and
DQPSK modulation cross as the number of channel taps
grows. This figure visualizes the crossing point of the per-
formance. If the channel statistics fall on the right hand side
of this curve, DQPSK is the clearly the favorable choice as it
deliver higher average rate at lower complexity.

expected value of the average rate.
The simulation results in Fig. 6 closely resemble our theo-

retical results. For our simulation, DQPSK outperforms QPSK
at SNRs higher than 10 dB. Note, however, that if the ratio of
carriers designated as pilots is not selected optimally, DQPSK
outperforms QPSK over a wider range of SNRs. For example,
if we dedicate 20% of the carriers to pilots, DQPSK will
outperform QPSK for SNRs higher than 6 dB.

IV. CONCLUSION

We compared the average achievable rate for QPSK and
DQPSK both analytically and through simulation. To make
a comparison fair, we dedicated an optimal ratio of carriers
as pilots according to the channel statistics. Analytical results
showed that QPSK does not necessarily outperform DQPSK.
In fact, in the cases where the channel impulse response
contains a large number of non-zero taps, the cost of channel
estimation (pilot overhead and channel estimation errors) can
reduce the average rate of QPSK modulation to less than that
of DQPSK. This observation is in agreement with the results
obtained in [11], [10].

Based on the analytical results, a good example of channels
whose parameters are typically in favor of DQPSK, are under-
water acoustic channels. Therefore, we repeated the analysis
using synthetic data generated based on resemblance to the
data collected from a recent underwater acoustic experiment.
The simulation data closely resembled the theoretical results.

Future work will include consideration of array receivers,
experimental analysis for underwater acoustic channels, and
inclusion of higher order constellations in the comparison.
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Fig. 5: Parameters of typical wireless and underwater acoustic
channels. Although statistics of typical wireless channels do
not fall into the region where DQPSK is the clear choice, but
most underwater acoustic channels fall in this category.
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Fig. 6: Results from simulations with parameters taken from
experimentally measured underwater acoustic channels. At
SNRs higher than 10 dB, DQPSK outperforms QPSK in this
simulation, suggesting that for high-SNR underwater acoustic
channels, DQPSK is clearly the better choice when compared
to QPSK.
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